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1. Introduction
Despite considerable insight aorded by dualities, the fundamental degrees of freedom of
M-theory remain elusive. Recently the ro^le of the eleven-dimensional supermembrane
has been tested [1] in an attempt to rederive toroidally compactied, M-theoretic,
supersymmetric four-graviton scattering amplitudes at order R4. These amplitudes are
known independently on the basis of supersymmetry and duality, to be given by an
Eisenstein series of the U-duality group [3, 4, 5, 6], but still lack a nite microscopic
derivation1. In analogy with the string one-loop computation, a one-loop membrane
amplitude was constructed as the integral of a modular invariant partition function
on the fundamental domain of a membrane modular group Gl(3;Z). The action of a
membrane instanton conguration with given winding numbers is given by the Polyakov
action and as a working hypothesis the summation measure was taken to be unity. A
comparison to the exact result showed that the mass spectrum and the instanton saddle
points were correctly reproduced by this ansatz, but the spectrum multiplicities and
instanton summation measure were incorrect2. The proposed partition function was
therefore not U-duality invariant. However, a general method to construct invariant
partition functions was outlined: exceptional theta series should provide the correct
partition function for the BPS membrane on torii.
While theta series for symplectic groups are very common both in mathematics,
e.g., in the study of Riemann surfaces, and physics where they arise as partition func-
tions of free theories, their generalization to other groups is not as well understood.
One diculty is that group invariance requires a generalization of the standard Pois-
son resummation formula (i.e., Gaussian integration) to cubic characters (i.e., \Airy"
integration). This scenario is clearly well adapted to the membrane situation, where
the Wess-Zumino interaction is cubic in the brane winding numbers. Since theta series
reside at the heart of many problems in the theory of automorphic forms, it would
be very desirable from both physical and mathematical viewpoints, to have explicit
expressions for them.
As outlined in [1], the construction of theta series for a simple group G in the split
(i.e., maximally compact) real form requires three main ingredients: (i) An irreducible
1Older ideas that d = 11 supergravity is the underlying M theory have been revived in [7].
2See [28] for a very recent discussion of the membrane summation measure.
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representation of the group in an appropriate space of functions. In the symplectic
case, this is simply the Weyl representation of the Heisenberg algebra [pi; x
j ] = −iij ,
which gives rise to the Schro¨dinger representation of Sp(n;R). (ii) A special function f ,
known as the spherical vector, which is invariant under the maximal compact subgroup
K of G. This generalizes the Gaussian character e2i(x
i)2 appearing in the symplectic
theta series. (iii) A distribution  invariant under G(Z) generalizing the sum over
integers xi 2 Z of the symplectic case. As for step (i), the generalization of the
minimal representation to all simply-laced groups has been given long ago [12] and
even extended to some non-simply laced cases [13, 17]. Step (ii) is the subject of the
present paper; we will obtain the spherical vector for all A;D;E groups. As we will
see, step (iii) amounts to solving step (ii) for p-adic number elds instead of the reals,
and will be left for future work.
While this paper is mostly concerned with the mathematical construction of ex-
ceptional theta series, a few words about the physical implications of our results are
in order. First and foremost, we nd that a membrane partition function invariant
under both the modular group Gl(3;Z) and the U-duality group Ed(d)(Z) cannot be
constructed by summing over the 3d membrane winding numbers alone (which con-
rms the ndings of [1]. Indeed, the dimension of the minimal representation of the
smallest simple group G containing Sl(3;R)Ed(d) is always bigger than 3d. Secondly,
we nd that the minimal representation of G has a structure quite reminiscent of the
membrane, but (in the simplest d = 3 case) necessitates two new quantum numbers,
which would be very interesting to understand from the point of view of the quantum
membrane. In fact, the form of the spherical vector in this representation, displayed in
equations (4.40) and (4.51) is very suggestive of a Born-Infeld-like formulation of the
membrane, which would then exhibit a hidden dynamical Ed(d)(Z) symmetry. A more
complete physical analysis of these results in the context of the eleven-dimensional
membrane will appear elsewhere. In addition to this membrane motivation, our mini-
mal representation provides the quantized phase space for quantum mechanical systems
with dynamical non-compact symmetries, which may nd a use in M-theory or other
contexts. By choosing one of the compact generators as the Hamiltonian, one may con-
struct integrable quantum mechanical systems with a spectrum-generating exceptional
symmetry, and the spherical vector we constructed would then give the ground state
wave function.
The organization of this paper is as follows: In Section 2, we use the Sl(2) case
as a simple example to introduce the main technology. In Section 3, we review the
construction of the minimal representation for simply-laced groups. Section 4 contains
the new results of this paper; spherical vectors for all A;D;E groups. We close in
Section 5 with a preliminary discussion of the physics interpretation of our formulae.
Miscellaneous group theoretical data is gathered in the Appendix.
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2. Sl(2) revisited
As an introduction to our techniques, let us consider two familiar examples of auto-
morphic forms for Sl(2;Z).
2.1. Symplectic theta series
Our rst example is the standard Jacobi theta series










2m) ; f (x) = 
1=4eix
2=2 ; (2.1)
where we inserted a power of  to cancel the modular weight. As is well known, this
series is an holomorphic modular form of Sl(2;Z) up to a system of phases. The
invariance under the generator T :  !  + 1 is manifest, while the transformation
under S :  ! −1= yielding
(−1=) =
p
i () ; (2.2)







ef(2p) ; ef(p)  Z dxp
2
f(x) eipx ; (2.3)
applied to the Gaussian kernel f (x). A better understanding of the mechanism behind
the invariance of the theta series (2.1) can be gained (see e.g. [18]) by rewriting it as
() = h; (g )  fi : (2.4)
In this symbolic form,  is a representation of Sl(2;R) in the space S of Schwarz func-







2 is an element of G = Sl(2;R) parameterizing
the coset U(1)nSl(2;R) in the Iwasawa gauge; the kernel f(x) = e−x2=2 is the spherical
vector of the representation , i.e. an element of S invariant under the maximal com-




2m) is a distribution in the
dual space of S, invariant under the action of Sl(2;Z) (the inner product h; i is just
integration
R
dx.). The invariance of () then follows trivially from the covariance of
the various pieces in (2.4).


















: (x) ! e(x) : (2.7)
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acting on a function  2 S. It is easily checked that the dening relation (ST )3 =
1 holds modulo a phase, and that the generators S and T leave the distribution 





x2 ; H =
1
2
(x@x + @xx) ; (2.8)
while the negative root follows by a Weyl reflection
E− = −(S)  E+  (S−1) = i
2
@2x ; (2.9)
and we have the Sl(2;R) algebra,
[H;E] =  2E ; H = [E+; E−] : (2.10)
In this representation, there does not exist a spherical vector strictly speaking, since the
compact generator E+−E− (recognized as the Hamiltonian of the harmonic oscillator)
does not admit a state with zero eigenvalue. The lowest state has eigenvalue i=2, and
plays the role of the spherical vector in (2.4),
(E+ − E−)f = i
2
f ; f(x) = e−x
2=2 : (2.11)
Its invariance (up to a phase) under the compactK guarantees that the theta series (2.4)
depends only on  2 KnG (up to a phase). In particular, the S generator, corresponds
to the rotation by an angle  inside K, and therefore leaves f invariant. This is the
statement that the Gaussian kernel f = f=i is invariant under Fourier transformation,
and lies at the heart of the automorphic invariance of the theta series (2.1). The
construction holds, in fact, for any symplectic group Sp(n;Z) (with Sp(1) = Sl(2)),


















of Sp(n;R), with algebra





















acting on the Schwarz space of functions of n variables xi (see e.g. [16]).
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2.2. Eisenstein series and spherical vector









which is a function on upper half plane U(1)nSl(2;R) parameterized by  and is invari-
ant under the right action of Sl(2;Z) given by  ! (a+b)=(c+d). This action can be
compensated by a linear one on the vector (m;n) and the Eisenstein series can therefore
be rewritten in the symbolic form (2.4), where now  =
P
(m;n)2Z2n(0;0) (x−m) (y−n)






: (x; y) ! (ax+ by; cx+ dy) (2.16)
corresponding to the innitesimal generators
E+ = x@y ; E− = y@x ; H = x@x − y@y ; (2.17)
generating the Sl(2) algebra (2.10). The spherical vector f=i(x; y) = (x
2 +y2)−s of the
representation  is clearly invariant under the maximal compact subgroup U(1)  Sl(2)
generated by E+ − E−. In this case, it is not unique (any function of x2 + y2 is U(1)
invariant) because the linear action (2.16) on functions two variables is reducible. An
irreducible representation in a single variable is obtained by restricting to homogeneous
functions of degree 2s
(x; y) = 2s (x; y) (2.18)
and setting y = 1 (say)






















: (x) ! x−2s(−1=x) : (2.22)
An equivalent representation can be obtained by Fourier transforming the variable
x. In terms of the Eisenstein series (2.15), this amounts to performing a Poisson
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resummation on m,
ESl(2;Z)2;s = 2 (2s)  s2 +
2
p













s−1=2Ks−1=2 (2jmnj2) e−2imn1 : (2.23)
Using instead the summation variable N = mn, this can be rewritten as
ESl(2;Z)2;s = 2 (2s)  s2 +
2
p









2s−1=2(N) N s−1=2Ks−1=2 (2N2) e−2i1N ; (2.24)





(For N < 0 we dene fmjNg as the set fm 2 N : mj jN jg.) Disregarding for now the
rst two (degenerate) terms, we see that the Eisenstein series can again be written as




s−1=2(N)(x− 2N) ; (2.26)








: (x) ! e−2(s−1)t (e2tx) ; (2.28)
is generated by
E+ = ix ; E− = i(x@x + 2− 2s)@x; H = 2x@x + 2− 2s : (2.29)
Note that this minimal representation has a parameter s, and is distinct from the one




can be easily checked to be annihilated by the compact generator K = E+ − E− =
−i(x@2x +(2−2s)@x−x), and therefore is a spherical vector of the representation (2.29).
At each value of s, it is unique if one requires that it vanishes as x ! 1. Note
that the compact element es 0 1−1 0

= eK=2 can be obtained from the intertwined
representation. Indeed the Fourier transform of the spherical vector fs;=i yields (x
2 +
1)−s and is invariant under (2.22).
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2.3. Summation measure, p-adic fields and degenerate contributions.
While the spherical vector can be simply obtained by solving a linear dierential equa-
tion, the distribution  is more subtle. In the case at hand, one may rewrite it as a









where jN jp is the p-adic norm of N , in other words jN j = p−k where k is the largest
integer such that pkjN . In fact, each of the terms fp(x) = γp(x)1−p
−sjxjsp
1−p−s in the innite
product (where γp(x) is 1 on the p-adic integers and 0 elsewhere) can be viewed as the
spherical vector in the representation  above over the p-adic eld Qp (see e.g., [21]).
In this paper, we will only concern ourselves with the real spherical vector, and leave
the summation measure  for later work.
Finally, we should say a word about the rst two power terms in (2.24). As seen
from the above Poisson resummation, these two terms can viewed as the regulated value
of the spherical vector f(y) at y = 0. Unfortunately, we do not know of a direct way
to extract them from f(y) alone; a brute force method is to deduce them by imposing
invariance of (2.24) under the generator S.
2.4. Generalization to Sl(n;Z)
The construction of the minimal representation of Sl(2;R) above can be easily gener-







and Poisson resumming one integer, m1  m say. In the language of [6], this amounts
to the small radius expansion in one direction and we nd

























We have decomposed the n-dimensional metric gIJ parameterizing SO(n;R)nSl(n;R)
into an n − 1 dimensional metric bgij = gij − 1R2 AiAj, the radius of the n-th direction
R = g
1=2
11 and the o-diagonal metric Ai = g1i=g11. We now have an n− 1 dimensional
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representation of Sl(n) on n − 1 variables xi with Sl(n − 1) realized linearly. The
innitesimal generators corresponding to positive and negative roots are given by
Ei+ = ix





j@i (i > j) ;
(2.34)
with Cartan elements following by commutation. This is the minimal representation of
Sl(n;R), generalizing the Sl(2;R) case in (2.29). Note that this minimal representation
again has a continuous parameter s. For other groups than An, the minimal representa-
tion will in fact be unique. The spherical vector is easily read o from (2.33), evaluated











and is clearly annihilated by the compact generators following from (2.34).
3. Minimal representation for simply laced Lie groups
The minimal representation we have described for Sl(n;R) has been generalized in [13]
for D4 and further in [12] to any simply-laced group G. In this Section, we shall review
this construction, and make it fully explicit.
3.1. Heisenberg subalgebra and canonical polarization
The rst step is to isolate a Heisenberg subalgebra of G whose generators are repre-
sented as positions and momenta acting on functions. To this end, we observe that all
simple Lie algebras have an essentially unique 5-grading (see e.g., [19])
G = G−2 G−1 G0 G1 G2 (3.1)
such that the highest/lowest spaces G2 have dimension 1. G2 is generated by the
highest root E!, G1 contains only positive roots, and G0 contains all Cartan generators
as well as the remaining positive roots and their corresponding negative ones; G−k is
obtained from Gk by mapping all positive roots to minus themselves. Most importantly,
G1 has even dimension 2d and carries a natural symplectic form.
In order to construct this grading, let us consider a system of simple roots (i),
such that all positive roots can be decomposed as  =
P
nii with all ni > 0. We
denote by 0 the simple root k to which the ane root attaches on the extended
Dynkin diagram. The grading is then given by the height3 nk. In other words, the
grading is given by the charge h!; i under the Cartan generator of the Sl(2) generated
by the highest root ! (here h; i is the Killing form). The Lie algebra of G decomposes
3For Sl(n), the ane root attaches to two roots α1 and αn−1. The grading is then given by the
sum n1 + nn−1. We choose β0 = α1.
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Sl(n)  Sl(2) Sl(n− 2)R+
adj = (3; 1; 0) [(2; n− 2; 1) (2; n− 2;−1)] (1; adj; 0)
= 1 2(n− 2) [1 adj] 2(n− 2) 1
SO(2n)  Sl(2) Sl(2) SO(2n− 4)
adj = (3; 1; 1) (2; 2; 2n− 4) (1; 3; 1) (1; 1; adj)
= 1 (2; 2n− 4) [1 adj] (2; 2n− 4) 1
E6  Sl(2) Sl(6)
78 = (3; 1) (2; 20) (1; 35)
= 1 20 [1 35] 20 1
E7  Sl(2) SO(6; 6)
133 = (3; 1) (2; 32) (1; 66)
= 1 32 [1 66] 32 1
E8  Sl(2)E7
248 = (3; 1) (2; 56) (1; 133)
= 1 56 [1 133] 56 1
(3.2)
Table 1: Five-graded decomposition for simply laced simple groups.
under Sl(2)H , where H is the maximal subgroup of G commuting with that Sl(2),
as (3; 1) (2; R) (1; adjH), where R is some (possibly reducible) representation of H .
The charge-1 space G1 in (3.1) thus forms a representation R of H , with a symplectic
reality condition so that (2; R) is real. This is the symplectic form promised above.
Explicit decompositions are shown in Table 1 for all simply-laced groups.
Let us now consider the subspace G1G2. Due to the grading, all pairs of elements
of G1 commute to the single element E! in G2. In fact, they satisfy
[E1 ; E2 ] = (1; 2)E! ; ; 2 2 G1 ; (3.3)
where (; ) is the symplectic form. This is a Heisenberg subalgebra which can be
represented on functions in a space of dimension d+ 1 by choosing one half, , of the
2d elements in G1 as positions ixi and the other half as momenta y@i along with an extra
variable y for the central element4. There is a canonical choice for the \polarization"
 [13]5: First, notice that G1 has an involution  ! ! −  and then take  to
be all roots  such that h; 0i = 1, together with 0 itself. We represent the set
 = fEi; i = 0; : : : ; d − 1g as positions. The complementary roots are denoted Eγi
4The variable y is, of course, not necessary to represent the Heisenberg algebra by itself, but is
essential in order to extend this representation to all of G.
5Other choices of polarizations give equivalent representations related by Fourier transform on some
of the coordinates.
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G dim H0 G

1 I3
Sl(n) n− 1 Sl(n− 3) [n− 3] 0
SO(n; n) 2n− 3 SO(n− 3; n− 3) 1 [2n− 6] x1(
P
x2ix2i+1)
E6 11 Sl(3) Sl(3) (3; 3) det
E7 17 Sl(6) 15 Pf
E8 29 E6 27 27
⊗s3j1
Table 2: Dimension of minimal representation, linearly realized subgroup H0  H  G,
representation of G1 under H0, and associated cubic invariant I3.
and satisfy i + γi = !. We thus represent the Heisenberg algebra as
Ei = y@i ; Eγi = ixi ; E! = iy ; i = 0; : : : ; d− 1 : (3.4)
Since (0; γ0) plays a special role in G1, we denote by G

1 the subspace of G1 consisting
of the (i; γi) with i > 0. To summarize our notations, the 5-grading (3.1) therefore
corresponds to the decomposition
G2 = fE!g ;
G1 = f(Ei; Eγi)g
G0 = fE−j ; Hk ; Ejg
G−1 = f(E−i; E−γi)g
G−2 = fE−!g
where i = 0; : : : ; d−1 = dim(R)=2−1, j = 1; : : : ; (dim(H)−rank(G)+1)=2 andHk are
the Cartan generators of the simple roots with k = 1; : : : ; rank(G). This presentation
will be referred to as the standard minimal representation in the following.
3.2. Induced representation and Weyl generators
Having represented the Heisenberg subalgebra on a space of functions of d+1 variables
(y; xi=0;:::;d−1), we also want an action of the full algebra on this space. As a rst step,
it is very useful to note that the choice of polarization polarization  is invariant under
a subalgebra H0  H which is represented by a linear action on (xi=1;::: ;d−1) leaving
(y; x0) invariant. For the D and E groups, H0 is the subalgebra generated by the simple
roots which are not attached to 0 in the Dynkin diagram of G, whilst for the A series,
that by the simple roots attached to neither 0 nor the root at the other end of the
Dynkin diagram. The subalgebras H0 are listed in Table 2.
In order to extend the action of H0 and the Heisenberg subalgebra to the rest of G,
we need to introduce the action of two Weyl generators S and A. The rst, S, exchanges
i with γi for all i = 0; : : : ; d − 1 and is therefore achieved by Fourier transformation
in the Heisenberg coordinates xi = 0; : : : ; d− 1,










It also sends all i to −i, while leaving ! invariant,
SEiS
−1 = E−i ; SE!S
−1 = E! : (3.6)
The second generator A is the Weyl reflection with respect to the root 0. It maps 0
to minus itself, γ0 to !, and all i to the roots j that were not in H0. All roots in H0
are invariant under A, as well as all γi=1;:::;d−1. In order to write the action of A, we






c(i; j; k)xixjxk (3.7)
where the sum extends over all i; j; k = 1; : : : ; d − 1 such that i + j + k = 0 + !.
The sign c(i; j; k) is given by [12]
c(i; j; k) = (−)B(i;j)+B(i;k)+B(j ;k)+B(0;!)+1 (3.8)
where B(; ) is the adjacency matrix (namely a bilinear form such that h; i =
B(; ) + B(; )). The cubic invariant I3 in (3.7) is unique, except for the case of
G = Sl(n) where there is none, and is listed in the last column of Table 2. The action
of A is given in terms of I3 by
(Af)(y; x0; x1; : : : ; xd−1) = e
− iI3
x0y f(−x0; y; x1; : : : ; xd−1) : (3.9)
One may check that the generators A and S satisfy the relation
(AS)3 = (SA)3 (3.10)
in the Weyl group. In fact, as in the symplectic case where the relation (ST )3 was
equivalent to the invariance of the Gaussian character eix
2
under Fourier transform, the
relation (3.10) amounts to the invariance of the cubic character x0 (I3)
eiI3=x0 under
Fourier transform over all xi=0;:::;d−1. This invariance can be easily checked in the
stationary phase approximation6, and holds exactly for particular values of ;  [20].
In fact, the minimal representation yields all cubic forms I3 such that e
iI3=x0 is invariant
[20].
3.3. Example: minimal representation of D4
Using the Weyl generators (3.5) and (3.9), we can now compute the action of E in the
minimal representation for all positive and negative roots and in turn obtain the Cartan
generators through [E; E−] =  H . As an illustration, we display the SO(4; 4) case
in detail [13]. The data for other groups are tabulated in the Appendix. The Dynkin
diagram of D4 is
6For D4, the invariance of the function (1/jx0j)eix1x2x3/x0 under Fourier transform of all 4 variables










where we have indicated the standard labeling as well as one more convenient for our
purposes; the construction will be symmetric under permutations of (1; 2; 3) and
hence under SO(4; 4) triality. The positive roots graded by their height along 0 are
1 = (1; 0; 0; 0) = A(1)
2 = (0; 0; 1; 0) = A(2)
3 = (0; 0; 0; 1) = A(3)
(3.11)
0 = (0; 1; 0; 0) γ0 = (1; 1; 1; 1)
1 = (1; 1; 0; 0) γ1 = (0; 1; 1; 1)
2 = (0; 1; 1; 0) γ2 = (1; 1; 0; 1)
3 = (0; 1; 0; 1) γ3 = (1; 1; 1; 0)
(3.12)
! = (1; 2; 1; 1) = A(γ0) : (3.13)
We start with the generators
E0 = y@0 Eγ0 = ix0
E1 = y@1 Eγ1 = ix1
E2 = y@2 Eγ2 = ix2
E3 = y@3 Eγ3 = ix3
(3.14)
E! = iy : (3.15)
The cubic form (3.7) reduces to I3 = x1x2x3. The Weyl generator A (acting by con-
jugation) yields the generators for the remaining simple roots Ei upon which we act
with S to obtain E−i ,
E1 = −x0@1 − ix2x3y ; E−1 = x1@0 + iy@2@3
E2 = −x0@2 − ix3x1y ; E−1 = x2@0 + iy@3@1
E3 = −x0@3 − ix1x2y ; E−1 = x3@0 + iy@1@2 :
(3.16)
A further application of A on (E0; E−i) yields (E−0;−E−i) upon which S produces
the (E−γ0 ;−E−γi). Penultimately we may act with A on E−γ0 to produce the lowest
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root E−!,
E−0 = −x0@ +
ix1x2x3
y2
E−1 = x1@ +
x1
y
(1 + x2@2 + x3@3)− ix0@2@3
E−γ0 = 3i@0 + iy@@0 − y@1@2@3 + i(x0@0 + x1@1 + x2@2 + x3@3) @0 (3.17)













(x1x2@1@2 + x3x1@3@1 + x2x3@2@3)
+ i(x1@1 + x2@2 + x3@3) (@ +
1
y
) + x0@1@2@3 ;
as well as cyclic permutations of (1,2,3), denoting @  @y. Finally, commutators pro-
duce the Cartan generators,
H0 = −y@ + x0@0 (3.18)
H1 = −1− x0@0 + x1@1 − x2@2 − x3@3
H2 = −1− x0@0 − x1@1 + x2@2 − x3@3
H3 = −1− x0@0 − x1@1 − x2@2 + x3@3 ;
where H   H = [E; E−] is the Cartan generator along the simple root . Notice
that the Cartan generator corresponding to the highest root ! has a very simple form,
H! = [E!; E−!] = −3− 2y@ − x0@0 − x1@1 − x2@2 − x3@3 (3.19)
and therefore acts by a uniform rescaling on all xi, and a double rescaling on y. This is
precisely correct since H! is the grading operator in (3.1). The form of this expression
holds therefore for all groups (save for the non-universal constant term −3 above). The
expression for H0 is also universal. The generators for the positive and negative simple
roots and Cartan elements for all simply-laced groups, computed following the same
procedure, are given in the Appendix. All other roots can be obtained by commuting
[E; E] =
E+ if  +  is a root
0 otherwise :
(3.20)
4. Spherical vectors for Dn and E6,7,8 Lie groups
With the explicit minimal representation for all simply-laced groups at hand, we focus
our attention on the spherical vector; a function f(y; xi) annihilated by all compact gen-
erators in G. This is our main result and is a central building block for the construction
of theta series for all groups.
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4.1. From symplectic to orthogonal
One way of obtaining the symplectic vector is to solve the dierential equation (E 
E−)f = 0 for all roots  (the sign is chosen so that the generator is compact). It is
sucient to solve these equations for  a simple root only, since all other equations can
be obtained by commutation. This still sounds like a formidable task, even though we
shall in fact be able to carry it out later on for exceptional groups. For now however,
we would like to take an alternate approach, well suited to orthogonal groups. The
spherical vector we shall obtain will turn out to generalize quite simply to exceptional
groups as well.
The main observation is that there is a maximal embedding of SO(n; n;R)Sl(2;R)
in Sp(2n;R). The minimal representation of Sp(2n;R) has dimension 2n, and is also
a representation of SO(n; n;R), albeit reducible. By considering functions invariant
under Sl(2;R) however, we can reduce it to a 2n−3 dimensional representation, which
is the dimension of the minimal representation. In this way we thus obtain a represen-
tation equivalent to the one described in Section 3. In order to obtain the spherical









to get a function on the rst space.
This procedure is familiar to string theorists since it gives precisely the one-loop
result for half-BPS amplitudes; the partition function of the worldsheet winding modes
on a torus T n is a theta series for the symplectic group Sp(2n;R), restricted to the
subspace (4.1) of the moduli space. It can be written in a form which makes the







i + ni) gij(m






where we recognize a sum weighted by the Polyakov action for classical strings winding
around T n with volume V =
p
det gij via x
i = mi1+n





















In this form, we recognize the contribution of states with momentum mi and winding n
i
in the Schwinger representation, with a BPS constraint min
i = 0. The two representa-
tions are related by Poisson resummation over all Kaluza{Klein modes mi $ mi. The
one-loop amplitude is obtained by integrating this theta series over the fundamental
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domain of the upper half-plane U(1)nSl(2) parameterized by the worldsheet modulus
 :





Sp(;  ; gij; Bij) : (4.4)
The result is an automorphic form under the T-duality group SO(n; n;Z). Its expansion

















and exhibits a sum of power-suppressed contributions, together with worldsheet instan-
tons. The double sum runs over integer vectors (mi; ni) modulo the action of Sl(2;Z).
The worldsheet instantons however depend only on the Sl(2) invariant combination
mij = minj −mjni (with (mij)2  1
2!
mijgikgjlm









where the measure factor (mij) accounts for the Jacobian factor between variables
(mi; ni) and mij . We thus have a representation of SO(n; n;R) on a space of rank 2
matrices mij . The dimension of this space is precisely 2n − 3 and ought therefore be
equivalent to the minimal representation described in Section 3. We can also read o





The p-adic spherical vector can also be extracted from the summation measure (mij)
in the same way as in (2.31).
D4 spherical vector in the standard minimal representation.
Having found the spherical vector in this \string inspired" representation, we now would
like to map it to the standard minimal representation, with the aim of generalizing it to
exceptional groups. For this we need to nd the linear operator that intertwines between
the two representations and apply it to the spherical vector (4.7). For simplicity, we
will describe the SO(4; 4) case only, since the method generalizes easily to higher n. In
this case, the constraint that mij of the \string-inspired"representation has rank 2 is
ijklm
ijmkl = 0 ; (4.8)
which describes a quadratic cone in R6.
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Firstly, notice that mij is the operator corresponding to shifting Bij by a constant
in the representation (4.5). These shifts make a 6-dimensional Abelian subalgebra
of the Borel subgroup of SO(4; 4) (i.e., the group generated by the positive roots).
We can identify six commuting generators by choosing those for roots with height
one in the direction of, for example, 3, namely (E3 ; E3; Eγ1 ; Eγ2 ; Eγ0 ; E!). Since
these operators commute, we can diagonalize them simultaneously and we call their
eigenvalues i(m43; m24; m14; m23; m13; m12). Using the expressions in (3.14)-(3.17) for
the generators, we nd a common eigenstate
 mij = (y −m12) (x0 −m13) (x1 −m14) (x2 −m23) e
im24 x3
m12 ; (4.9)








This is the same as (4.8), providing the rationale for our identication. Therefore the
two representations are intertwined by Fourier transformation in a single variable x3,





12) f(m12; m13; m14; m23; x3) : (4.12)
where x stands for (x1; x2; x3). Conversely, we have














y (x1x2 + x0m
24 + ym43) ef(y; x0; x1; x2; m24; m43) ;
where efmij  ef(m12; m13; m14; m23; m24; m43).
To see how the kernel (4.7) translates into the standard minimal representation
we must compute the Fourier transform (4.13) for which it is convenient to take the
integral representation








(−=t− t(mij)2 ; (4.14)
along with the standard one for the Dirac delta function of the constraint. Hence,







































The integral over  is again Gaussian, and the t integral is of Bessel type so all integrals
can be computed exactly. The saddle point yields a classical action at
S = 2
p
(y2 + x20 + x
2
1)(y
2 + x20 + x
2
2)(y








Taking into account the measure factor, we nd that in the standard representation,






(y2 + x20 + x
2
1)(y
2 + x20 + x
2
2)(y











This expression is the prototype of the spherical vectors that we will obtain later on,
and therefore deserves several comments:
(i) It is invariant under permutations of (x1; x2; x3), i.e., under SO(4; 4) triality which
was manifest in the standard representation but not at all in the string-inspired
one. In fact, on the basis of Heterotic/type II duality, it was found that the one-
loop string amplitude (4.4) for n = 4 would have to be invariant under triality.
Therefore our triality invariant result gives strong support to non-perturbative
Heterotic/type II duality.
(ii) The spherical vector (4.18) could also have been derived by solving the dierential
equations for K0-invariance. As we will show for exceptional cases later, the




(y2 + x20 + x
2
1)(y
2 + x20 + x
2
2)(y





This is equation is a linear second order dierential equation of Bessel type,
for which (4.18) is the only solution with exponential decrease at innity (i.e.,
S1 ! 1). The same phenomenon will also hold for exceptional groups, except
that the variable S1 will be a more complicated function of the coordinates (y; xi)
(but reducing to the same form (4.19) for particular congurations of the variables
xi), and that the order of the Bessel function will be dierent.






is precisely such that the spherical vector is invariant under the Weyl generator

















we see that the invariance under A requires g to be symmetric under (y; x0) !
(−x0; y). In fact, the invariance under the compact generator E0 +E−0 requires
g to depend on (y; x0) through y
2 + x20 only since it acts on the function g(y; xi)
as the rotation operator y@0 − x0@. This will hold for all simply-laced groups.
(iv) In the limit (y; x0) ! 0, due to the asymptotic behavior Ks(y !1)  e−y=py,
the spherical vector takes a much simpler form
fD4  1pjx1x2x3je− jx1x2x3jyz or 1pjx1x2x3je− jx1x2x3jyz¯ (4.23)
depending of the sign of x1x2x3, where z = y+ ix0. We recognize the same kernel
as in the denition of the Weyl generator A in (3.9). The spherical vector (4.18)
can therefore be thought of as a Fourier-invariant non-linear (physicists would
say \Born-Infeld") completion of the Fourier invariant kernel in (3.9).
Dn spherical vector in the standard minimal representation.
Before moving on to exceptional groups, let us note that the same manipulation can be
performed for higher SO(n; n) groups. In the string representation there are n(n−1)=2
variables mij subject to constraints
i1:::id−4ijklm
ijmkl = 0 , m[ijmkl] = 0 : (4.24)
Of these, only (n − 2)(n − 3)=2 namely m1[2mkl] = 0 (say), are independent, so the
dimension of the minimal representation is
n(n− 1)
2
− (n− 2)(n− 3)
2
= 2n− 3 (4.25)
as given in Table 2.
The intertwining operator is a Fourier transform on n− 3 variables, and its action
on the spherical vector (4.7) can be computed using the same tricks as before, only





















3 + (y2 + x20)















x2j ; Q =
n−3X
i=1
(−)i+1 x2ix2i+1 ; (4.29)
I2 = x
2
1 + P ; I3 = x1Q ; I4 = x
4
1 + P
2 − 2Q2 : (4.30)
In contrast to the n = 4 case, for n > 4 there is a non-trivial linearly realized subgroup
H0 = SO(n−3; n−3;R) and the spherical vector must be invariant under its maximal
compact subgroup K0 = SO(n − 3)  SO(n − 3). This is indeed the case of our
result, since P and Q are the K0-invariant square norms of the SO(n− 3; n− 3)-vector
(x2; : : : ; x2n−5) (Q is even H0 invariant). Using this symmetry we can choose all xi>3
to vanish. In this case the classical action, S = S1 + iS2 reduces to the SO(4; 4)
case (4.19,4.20). The form (4.27) of the argument of the Bessel function in terms of
the three K0-invariants I2; I3; I4, will apply to the exceptional groups as well.
4.2. E6
In the case of exceptional groups, we unfortunately do not have a string-inspired repre-
sentation which we could use to obtain the spherical vector. In fact, it is the other way
around, since we are aiming at a \membrane-inspired" representation for exceptional
theta series! Our only remaining line of attack is therefore to nd an explicit solution
of the dierential equations (E  E−)f = 0 determining the spherical vector.
For this, let us recall that (i) once the phase factor in (4.22) is factored out, the
dependence of f on (y; x0) is through (y
2 + x20) only, and (ii) that the spherical vector
has to be invariant under the maximal compact subgroup K0 of H0, which is linearly
realized on (x1; : : : ; xd). Our rst task, therefore, is to determine the invariants of
(x1; : : : ; xd) under K0.
In the E6 case, from Table 2 the variables (x1; : : : ; x9) transform in a (3; 3) repre-
sentation of H0 = Sl(3) Sl(3). Using the K0 transfromations implied by the explicit
expressions for the roots given in the Appendix, we can assign the 9 variables to a 33
matrix
Z =




on which Sl(3)  Sl(3) act linearly by left and right multiplication respectively. An
independent set of invariants under the maximal compact subgroup K0 = SO(3) 
SO(3) is given by the quadratic, cubic and quartic combinations
I2 = Tr(Z
tZ) ; I3 = − det(Z) ; I4 = Tr(ZtZZtZ) ; (4.32)
In fact, I3 is our familiar cubic form, invariant under the whole of H0 and not only its
maximal compact subgroup. Note also that higher traces are algebraically related to
the ones above.
Now, given that the spherical vector has to be invariant under K0, we can work in
a frame where Z is diagonal keeping (x1; x5; x8) as the only non-vanishing entries. The







8 ; I3 = −x1x5x8 ; I4 = x41 + x45 + x48 : (4.33)
Let us now consider the equation (E1−E−1)f = 0. The negative root generator E−1
can be obtained by commuting the negative roots given in the appendix, and reads






(x1(x5@5 + x7@7 + x8@8 + x9@9)
−x2x3@5 − x2x6@9 − x3x4@7 − x4x6@8) : (4.34)
Using the ansatz (4.22) and setting all xi=0;:::;9 but (x1; x5; x8) to zero at the end, we
get a rst order dierential equation
x1(x5@5 + x8@8 − 2) g + y2(@1 + 2x1@y) g = 0 ; (4.35)








). Demanding invariance under
the compact generators of 5 and 8 requires the same equation to hold for permutations
of x1; x5; x8 so the only possibility is











The argument of h is easily recognizable as the universal form S1 in (4.19) and we
























Then using the relations (4.33) for the invariants I2, I3 and I4, and recalling that the
dependence on (y; x0) is through the norm y
2 + x20, we nd that h has to depend on




3 + (y2 + x20)
2I2 + (y2 + x20)(I
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where z = y + ix0 and I3 is the 3  3 identity matrix. This expression is manifestly
invariant under SO(3) SO(3) SO(2)  K.




h0 − h = 0 : (4.41)
This is a Bessel type equation, solved by h = K1=2(S1)=
p
S1 / e−S1=S1. Altogether,























or its complex conjugate, depending on the sign of det(Z).
While this spherical vector has been constructed in the standard representation
presented in Section 3, other choices of polarization can be relevant in certain applica-
tions, and yield dierent expressions for the spherical vector. In the E6 case, there is
another interesting polarization, where the linearly realized group is Sl(5) rather than
Sl(3)  Sl(3). By looking at the root lattice displayed in the appendix, it is easy to
see that this representation can be reached by performing a Fourier transform on the
coordinates (x6; x9; x8). This breaks one of the Sl(3) factors, but the other unbroken




0 −p8 p9 x1 x3





where (p6; p8; p9) are the momenta conjugate to (x6; x8; x9). The spherical vector in








Remarkably, the integral can still be computed by the same method as in Section 4.1,





















(TrX2)2 − 2TrX4 (4.47)
manifestly invariant under the maximal compact subgroup SO(5)  Sl(5). Note that
x0 is now unied with the other xi coordinates, and that the phase has disappeared.
4.3. E7
The same strategy presented for E6 above yields the E7 and E8 spherical vectors. In
the case of E7, the minimal representation has dimension 17, and is realized on a space
of functions of (y; x0; : : : ; x15). The linearly realized subgroup is H0 = Sl(6;R), with
maximal compact subgroup K0 = SO(6;R). The coordinates (x1; : : : ; x15) transform
in the adjoint representation of H0. Using the explicit expression for the roots given in
the Appendix, we can t them into an antisymmetric matrix
Z =
0BBBBBBB@
0 −x1 x2 −x4 −x6 x9
0 x3 −x5 −x8 x12






The independent invariants of Z under the adjoint action of SO(6;R) are the three
Casimir operators of SO(6)  Sl(4), i.e.
I2 = −1
2
Tr(Z2); I3 = −PfZ; I4 = 1
2
Tr(Z4) (4.49)
As for E6, I3 is in fact invariant under the full H0, and is the cubic form that enters
the expression of the Weyl generator A in (3.9). Using the action of K0, we can skew-
diagonalize Z, and set all coordinates but x1; x7; x10 to zero. The invariants then reduce







10 ; I3 = −x1x7x10 ; I4 = x41 + x47 + x410 : (4.50)
Looking at the action of E1,5,8 , we again nd that the spherical vector must take the
form f = h(S1)e
−i x0I3
y(y2+x20)=(y2 + x20)
3=2, with S1 the usual form in (4.39). As in the E6






where again z = y + ix0.
The equation (E2 + E−2)f = 0 now requires h
00 + 3
S1
h0 − h = 0, hence h =
















or its complex conjugate, depending on the sign of PfZ.
As in the E6 case, we can nd the spherical vector for other polarizations as well.
A particularly interesting one is obtained by Fourier transform on the last column of
the matrix Z in (4.48), which, as examination of the root lattice shows, yields a rep-
resentation with an SO(5; 5) group acting linearly. The 16 coordinates now transform
as a spinor of SO(5; 5), or as 1 + 10 + 5 in terms of its Sl(5) subgroup,
x0 ; X =
0BBBBB@
0 −x1 x2 −x4 −x6












Again, the Fourier transform of the spherical vector (4.52) can be computed using the
























TrX2 − TrX4 + x20 Y tY − 2x0X ^X ^ Y

and the last term denotes the contraction with the ve-dimensional Levi-Civita tensor.
4.4. E8
Finally, in the E8 case, the minimal representation has dimension 29, and is realized on
a space of functions of (y; x0; : : : ; x27). E6 is linearly realized, and acts on (x1; : : : ; x27)
in the 27 representation. Its maximal compact subgroup is USp(8), under which the
(x1; : : : ; x27) transform as an antitraceless antisymmetric representation. It is somewhat
awkward to t the 27 coordinates into an 8  8 antitraceless antisymmetric matrix,
23
nevertheless we can easily nd their transformation under the Sl(3)  Sl(3)  Sl(3)
subgroup of H0 = E6. We have the branching rule
E6  Sl(3) Sl(3) Sl(3) (4.57)
27 = (3; 3; 1) (3; 1; 3) (1; 3; 3) (4.58)
so that the xi can be assigned to three 3 3 matrices
U31 = −
0@x10 x11 x13x12 x14 x16
x15 x17 x20
1A ; V12 =
0@ x7 x9 x18−x6 −x8 x21
x4 x5 x24
1A ; W23 =




acted upon from the left and from the right by the Sl(3) factors denoted in subscript.
The maximal subgroup K0 = USp(8) of H0 = E6 branches itself into SO(3)SO(3)
SO(3), where the three SU(2) are generated by (K1 ; K3 ; K8), (−K2 ; K50 ; K53)
and (K5 ; K6 ; K12) where K  E +E−, respectively. The invariants under K0 can
be constructed out of the SO(3)  SO(3)  SO(3) invariants by requiring invariance
under the extra K4 compact generator, and read
I2 = Tr(U
tU) + Tr(V tV ) + Tr(W tW ) ; (4.60)
I3 = Tr(UVW )− (det(U) + det(V ) + det(W )) ; (4.61)
I4 = Tr(UU
tUU t) + Tr(V V tV V t) + Tr(WW tWW t)
−2(Tr(UV V tU t) + Tr(VWW tV t) + Tr(WUU tW t)) (4.62)
+2(Tr(U tU)Tr(V tV ) + Tr(V tV )Tr(W tW ) + Tr(W tW )Tr(U tU))
+4(det(W )Tr(UV W−t) + det(U)Tr(VWU−t) + det(V )Tr(WUV −t)
Equivalently, we can make the Sl(6)Sl(2) subgroup of H0 manifest, by arranging the
(15; 1) + (6; 2) xi’s into an antisymmetric 6 6 matrix and a doublet of 6-vectors,
Z = −
0BBBBBBB@
0 x5 x8 x10 x12 x15
0 x9 x11 x14 x17
























In this notation, the K0-invariants can be rewritten more concisely as
I2 = −Tr(Z2)=2 + Tr(YiY ti ) ; (4.64)









2 + 2TrY ti Z
2Yi (4.66)









Using an USp(8) rotation, we can set all xi’s to zero except e.g. x1; x20; x24. The







24 ; I3 = −x1x20x24 ; I4 = x41 + x420 + x424 : (4.67)
The 1;20;24 equations require the ansatz






while the 7 equation gives h
00 + 5
s
h0 − h = 0 and hence h = K2(S1)=S21 . The E8
































2Pf(Z) + Tr(Y t1ZY2)
 i
As for E6 and E7, another interesting representation can be obtained by Fourier trans-
forming on the 13 coordinates (x0; Y1; Y2) (or, equivalently, under the 15 coordinates
in X)7. In this polarization, the linearly realized symmetry group is enlarged to Sl(8),
and the 28 coordinates x0; : : : ; x27 transform as an antisymmetric matrix
X = −
0BBBBBBBBBBBB@
0 x5 x8 x10 x12 x15 p7 p18
0 x9 x11 x14 x17 −p6 p21
0 x13 x16 x20 p4 p24
0 x19 x23 −p3 −p27






It would be interesting to nd the spherical vector in this representation.













7This representation has also been constructed independently in [23].
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3 + (y2 + x20)
2I2 + (y2 + x20)(I
2
2 − I4)=2 + I23
(y2 + x20)
; (4.73)
with s = 1; 2; 4 for n = 6; 7; 8 respectively. The parameter s can be identied with
the dimension of the eld R;C;H entering in the alternate construction of the minimal
representations of E6;7;8 through Jordan algebras in [22]. We have also found alternate
representations for E6 and E7, where Sl(5) and SO(5; 5) act linearly, respectively; the
spherical vectors in this representation can be found in (4.46),(4.55).
5. Discussion
The object of this paper has been the derivation of the spherical vector for the minimal
representation of real simply laced groups in the split real form. Our results are dis-
played in (4.26) and (4.72) above. This spherical vector is an essential component in the
construction of automorphic theta series for exceptional groups. It has been proposed
that such objects would result from the quantization of the eleven-dimensional BPS
membrane in M-theory. Although the physical interpretation of the results obtained
herein will be discussed elsewhere, we close with some comments, both mathematical
and physical:
(i) We have obtained the spherical vector over the real eld. As we have explained in
Section 2, the spherical vectors over the p-adic elds Qp are also important, since their
product gives the summation measure when constructing a theta series. Unfortunately
in the p-adic case, we cannot rely on partial dierential equations anymore. One may
however require both the spherical vector and its A and S transforms to have support on
the p-adic integers, which together with invariance under the linearly realized maximal
compact group K0(Zp) should x it uniquely.
(ii) We have left the space of functions of (y; xi) unspecied. In order for the
generators S and A to be well-dened, it should consist of functions in the Schwarz
space, as well as their images. The main issue is the regularity at the origin. A proper
understanding of this issue would provide the degenerate contributions to the theta
series which we have overlooked in this paper.
(iii) We have only discussed the minimal representation for simply-laced groups. For
non-simply laced cases, some dierences arise: for G2 and F4, the minimal representa-
tion does not contain any singlet under reduction to the maximal compact subgroup
K  G, therefore there is no spherical vector, but a multiplet of such vectors trans-
forming into each other [24]. It would be interesting to nd the wave function for the
lowest such multiplet. For Bn3, there simply does not exist a representation of the
same dimension as that of the smallest nilpotent subalgebra [25]. For the symplectic
case Cn, the spherical vector is not annihilated by the compact generators, but has a
no-vanishing eigenvalue.
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(iv) From a physical viewpoint, the simplicity of our results is very encouraging.
Specically, in the E6 case, we have found a representation on 2 + 9 variables, such
that 9 of them transform as a bifundamental under Sl(3)Sl(3) in E6: these variables
should be identied with the winding numbers of a membrane on T 3, with the two
Sl(3) factors being the worldvolume and target space modular groups, respectively.
The target space Sl(2) U-duality group, corresponding to the modular transformations
of the modulus  = C123 + iV3, would then be realized through Fourier transform (i.e.,
Poisson resummation). It would be very interesting to understand the physical mean-
ing of the two extra quantum numbers (y; x0) that we found necessary for realizing
the symmetry. It would also be important to understand if the Born-Infeld-like action
(4.40) for the zero-modes of the membrane can be generalized to include fluctuations,
and yield a new description of the membrane where U-duality is non-linearly realized
as a dynamical symmetry. For E7, we have constructed a representation in terms of
2+15 variables, with an action (4.51) suggestive of a Born-Infeld-like action on a six
dimensional worldvolume, whose interpretation is unclear. For E8, we have a represen-
tation on 2 + 27 variables, where 27 of them transform linearly under E6. This is the
appropriate number of charges for M-theory on T 6, so the spherical vector (4.69) should
correspond to the membrane (or, perhaps more appropriately, the ve-brane) partition
function on T 6 in the Schwinger representation, where the sum over BPS states is ap-
parent. The modular group Sl(3) should then be realized by Poisson resummation. It
would be very interesting to nd a representation where Sl(3) acts linearly, and identify
it with the membrane action. The intertwining operator between the two representa-
tions would then realize membrane/ve-brane duality. Finally, the representations we
have displayed can be used to construct quantum mechanical systems with spectrum-
generating exceptional symmetries, much in the spirit of conformal quantum mechanics
[26]. It would be interesting to see if they can play a role in string theory.
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A. Group theory data
In this appendix, we supply the list of positive roots for all simply-laced groups, graded
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by their charge under the ane Cartan generator H!. The grade-one subspace is
presented in the standard polarization, as explained in the text below equation (3.3),
and the action of the Weyl reflexion A w.r.t. to 0 is indicated. The explicit expressions
for the cubic invariant I3, the Cartan generators and the (positive and negative) simple
roots in the minimal representation are listed. The expressions for the grade 1 and 2
positive roots are given in (3.4), and repeated here for convenience,
Ei = y@i ; Eγi = ixi ; E! = iy ; i = 0; : : : ; d− 1 : (A.1)
The Cartan generators for the simple root 0 and the ane root ! take also universal
forms,
H0 = −y@ + x0@0 (A.2)




up to the \normal ordering constant"  = (n−1); 6; 9; 15 forDn; E6; E7; E8, respectively.
More compact expressions can be obtained by making manifest the covariance under
the linearly realized group H0.
A.1. An
Dynkin diagram:












1 = (0; 1; 0; : : : ; 0; 0 ) = A(1)
2 = (0; 0; 1; : : : ; 0; 0 )
... (0; 0; 0;
. . . ; 0; 0 )
n−2 = (0; 0; 0; : : : ; 1; 0 )
n−1 = (0; 1; 1; 0; : : : ; 0 ) = A(2)
n = (0; 0; 1; 1; 0; 0 )
... (0; 0; 0;
. . . ;
. . . ; 0 )
2n−5 = (0; 0; : : : ; 1; 1; 0 )
...
(n−1)(n−2)=2 = (0; 1; : : : ; 1; 1; 0 ) = A(n−2)
0 = (1; 0; 0; 0; 0) γ0 = (0; 1; : : : ; 1; 1)




. . . ; 0; 0)
... (0; 0; : : : ;
. . . ; 1)
n−2 = (1; 1; : : : ; 1; 0) γn−2 = (0; 0; : : : ; 0; 1)
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! = (1; 1; : : : ; 1; 1) = A(γ0)
Cartan generators ( = (n+ 1)=2 in the standard minimal rep):
H0 = −y@ + x0@0
H1 = −x0@0 + x1@1
H2 = −x1@1 + x2@2
...
Hn−2 = −xn−3@n−3 + xn−2@n−2
Hγn−2 = − − y@ − x0@0 −    − xn−3@n−3 − 2xn−2@n−2
Simple roots:
E1 = x0@1 ; E−1 = x1@0





En−2 = xn−3@n−2 ; E−n−2 = xn−2@n−3
A.2. D5
Dynkin diagram:











1 = (1; 0; 0; 0; 0) = A(1)
2 = (0; 0; 1; 0; 0) = A(2)
3 = (0; 0; 0; 1; 0) = A(3)
4 = (0; 0; 0; 0; 1) = A(4)
5 = (0; 0; 1; 1; 0) = A(4)
6 = (0; 0; 1; 0; 1) = A(5)
7 = (0; 0; 1; 1; 1) = A(3)
0 = (0; 1; 0; 0; 0) γ0 = (1; 1; 2; 1; 1)
1 = (1; 1; 0; 0; 0) γ1 = (0; 1; 2; 1; 1)
2 = (0; 1; 1; 0; 0) γ2 = (1; 1; 1; 1; 1)
3 = (0; 1; 1; 1; 1) γ3 = (1; 1; 1; 0; 0)
4 = (0; 1; 1; 1; 0) γ4 = (1; 1; 1; 0; 1)
5 = (0; 1; 1; 0; 1) γ5 = (1; 1; 1; 1; 0)
! = (1; 2; 2; 1; 1) = A(γ0)
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Cubic form:
I3 = x1(x2x3 − x4x5)
Cartan generators:
H0 = −y@ + x0@0
H1 = −2− x0@0 + x1@1 − x2@2 − x3@3 − x4@4 − x5@5
H2 = −1− x0@0 − x1@1 + x2@2 − x3@3
H3 = −x2@2 + x3@3 + x4@4 − x5@5
H4 = −x2@2 + x3@3 − x4@4 + x5@5
Simple roots:
E1 = −x0@1 − i(x2x3 − x4x5)=y
E2 = −x0@2 − ix1x3=y
E3 = x2@4 + x5@3
E4 = −x2@5 − x4@3
E−1 = x1@0 + iy (@2@3 − @4@5)
E−2 = x2@0 + iy @1@3
E−3 = −x3@5 − x4@2
E−4 = x3@4 + x5@2
A.3. E6
Dynkin diagram:













1 = (1; 0; 0; 0; 0; 0) = A(1)
2 = (0; 0; 1; 0; 0; 0) = A(2)
3 = (0; 0; 0; 1; 0; 0) = A(3)
4 = (0; 0; 0; 0; 1; 0) = A(4)
5 = (0; 0; 0; 0; 0; 1) = A(5)
6 = (1; 0; 1; 0; 0; 0) = A(6)
7 = (0; 0; 1; 1; 0; 0) = A(2)
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8 = (0; 0; 0; 1; 1; 0) = A(3)
9 = (0; 0; 0; 0; 1; 1) = A(9)
10 = (1; 0; 1; 1; 0; 0) = A(4)
11 = (0; 0; 1; 1; 1; 0) = A(5)
12 = (0; 0; 0; 1; 1; 1) = A(6)
13 = (1; 0; 1; 1; 1; 0) = A(7)
14 = (0; 0; 1; 1; 1; 1) = A(9)
15 = (1; 0; 1; 1; 1; 1) = A(8)
0 = (0; 1; 0; 0; 0; 0) γ0 = (1; 1; 2; 3; 2; 1)
1 = (0; 1; 0; 1; 0; 0) γ1 = (1; 1; 2; 2; 2; 1)
2 = (0; 1; 1; 1; 0; 0) γ2 = (1; 1; 1; 2; 2; 1)
3 = (0; 1; 0; 1; 1; 0) γ3 = (1; 1; 2; 2; 1; 1)
4 = (1; 1; 1; 1; 0; 0) γ4 = (0; 1; 1; 2; 2; 1)
5 = (0; 1; 1; 1; 1; 0) γ5 = (1; 1; 1; 2; 1; 1)
6 = (0; 1; 0; 1; 1; 1) γ6 = (1; 1; 2; 2; 1; 0)
7 = (1; 1; 1; 1; 1; 0) γ7 = (0; 1; 1; 2; 1; 1)
8 = (1; 1; 1; 1; 1; 1) γ8 = (0; 1; 1; 2; 1; 0)
9 = (0; 1; 1; 1; 1; 1) γ9 = (1; 1; 1; 2; 1; 0)
! = (1; 2; 2; 3; 2; 1) = A(γ0)
Cubic form:
I3 = −x1x5x8 + x1x7x9 + x2x3x8 − x2x6x7 − x3x4x9 + x4x5x6
Cartan generators:
H0 = −y@ + x0@0
H1 = −x2@2 + x4@4 − x5@5 + x7@7 + x8@8 − x9@9
H2 = −x1@1 + x2@2 − x3@3 + x5@5 − x6@6 + x9@9
H3 = −2− x0@0 + x1@1 − x5@5 − x7@7 − x8@8 − x9@9
H4 = −x1@1 − x2@2 + x3@3 − x4@4 + x5@5 + x7@7
H5 = −x3@3 − x5@5 + x6@6 − x7@7 + x8@8 + x9@9
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Simple roots:
E1 = −x2@4 − x5@7 − x9@8
E2 = −x1@2 − x3@5 − x6@9
E3 = −x0@1 + i(x5x8 − x7x9)=y
E4 = −x1@3 − x2@5 − x4@7
E5 = −x3@6 − x5@9 − x7@8
E−1 = x4@2 + x7@5 + x8@9
E−2 = x2@1 + x5@3 + x9@6
E−3 = x1@0 − iy(@5@8 − @7@9)
E−4 = x3@1 + x5@2 + x7@4
E−5 = x6@3 + x8@7 + x9@5
A.4. E7
Dynkin diagram:
















1 = (0; 1; 0; 0; 0; 0; 0) = A(1)
2 = (0; 0; 1; 0; 0; 0; 0) = A(1)
3 = (0; 0; 0; 1; 0; 0; 0) = A(3)
4 = (0; 0; 0; 0; 1; 0; 0) = A(4)
5 = (0; 0; 0; 0; 0; 1; 0) = A(5)
6 = (0; 0; 0; 0; 0; 0; 1) = A(6)
7 = (0; 1; 0; 1; 0; 0; 0) = A(7)
8 = (0; 0; 1; 1; 0; 0; 0) = A(2)
9 = (0; 0; 0; 1; 1; 0; 0) = A(9)
10 = (0; 0; 0; 0; 1; 1; 0) = A(10)
11 = (0; 0; 0; 0; 0; 1; 1) = A(11)
12 = (0; 1; 1; 1; 0; 0; 0) = A(3)
13 = (0; 1; 0; 1; 1; 0; 0) = A(13)
14 = (0; 0; 1; 1; 1; 0; 0) = A(4)
15 = (0; 0; 0; 1; 1; 1; 0) = A(15)
16 = (0; 0; 0; 0; 1; 1; 1) = A(16)
17 = (0; 1; 1; 1; 1; 0; 0) = A(5)
18 = (0; 1; 0; 1; 1; 1; 0) = A(18)
19 = (0; 0; 1; 1; 1; 1; 0) = A(6)
20 = (0; 0; 0; 1; 1; 1; 1) = A(20)
21 = (0; 1; 1; 2; 1; 0; 0) = A(7)
22 = (0; 1; 1; 1; 1; 1; 0) = A(8)
23 = (0; 1; 0; 1; 1; 1; 1) = A(23)
24 = (0; 0; 1; 1; 1; 1; 1) = A(9)
25 = (0; 1; 1; 2; 1; 1; 0) = A(11)
26 = (0; 1; 1; 1; 1; 1; 1) = A(12)
27 = (0; 1; 1; 2; 2; 1; 0) = A(14)
28 = (0; 1; 1; 2; 1; 1; 1) = A(15)
29 = (0; 1; 1; 2; 2; 1; 1) = A(13)
30 = (0; 1; 1; 2; 2; 2; 1) = A(10)
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0 = (1; 0; 0; 0; 0; 0; 0) γ0 = (1; 2; 3; 4; 3; 2; 1)
1 = (1; 0; 1; 0; 0; 0; 0) γ1 = (1; 2; 2; 4; 3; 2; 1)
2 = (1; 0; 1; 1; 0; 0; 0) γ2 = (1; 2; 2; 3; 3; 2; 1)
3 = (1; 1; 1; 1; 0; 0; 0) γ3 = (1; 1; 2; 3; 3; 2; 1)
4 = (1; 0; 1; 1; 1; 0; 0) γ4 = (1; 2; 2; 3; 2; 2; 1)
5 = (1; 1; 1; 1; 1; 0; 0) γ5 = (1; 1; 2; 3; 2; 2; 1)
6 = (1; 0; 1; 1; 1; 1; 0) γ6 = (1; 2; 2; 3; 2; 1; 1)
7 = (1; 1; 1; 2; 1; 0; 0) γ7 = (1; 1; 2; 2; 2; 2; 1)
8 = (1; 1; 1; 1; 1; 1; 0) γ8 = (1; 1; 2; 3; 2; 1; 1)
9 = (1; 0; 1; 1; 1; 1; 1) γ9 = (1; 2; 2; 3; 2; 1; 0)
10 = (1; 1; 1; 2; 2; 2; 1) γ10 = (1; 1; 2; 2; 1; 0; 0)
11 = (1; 1; 1; 2; 1; 1; 0) γ11 = (1; 1; 2; 2; 2; 1; 1)
12 = (1; 1; 1; 1; 1; 1; 1) γ12 = (1; 1; 2; 3; 2; 1; 0)
13 = (1; 1; 1; 2; 2; 1; 1) γ13 = (1; 1; 2; 2; 1; 1; 0)
14 = (1; 1; 1; 2; 2; 1; 0) γ14 = (1; 1; 2; 2; 1; 1; 1)
15 = (1; 1; 1; 2; 1; 1; 1) γ15 = (1; 1; 2; 2; 2; 1; 0)
! = (2; 2; 3; 4; 3; 2; 1) = A(γ0)
Cubic form:
I3 = −x1x7x10 + x1x11x13 − x1x14x15 + x2x5x10 − x2x8x13 + x2x12x14 − x3x4x10 + x3x6x13
−x3x9x14 + x4x8x15 − x4x11x12 − x5x6x15 + x5x9x11 + x6x7x12 − x7x8x9
Cartan generators:
H0 = −y@ + x0@0
H1 = −x2@2 + x3@3 − x4@4 + x5@5 − x6@6 + x8@8 − x9@9 + x12@12
H2 = −3− x0@0 + x1@1 − x7@7 − x10@10 − x11@11 − x13@13 − x14@14 − x15@15
H3 = −x1@1 + x2@2 − x5@5 + x7@7 − x8@8 + x11@11 − x12@12 + x15@15
H4 = −x2@2 − x3@3 + x4@4 + x5@5 − x11@11 + x13@13 + x14@14 − x15@15
H5 = −x4@4 − x5@5 + x6@6 − x7@7 + x8@8 + x10@10 + x11@11 − x13@13
H6 = −x6@6 − x8@8 + x9@9 − x11@11 + x12@12 + x13@13 − x14@14 + x15@15
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Simple roots:
E1 = x2@3 + x4@5 + x6@8 + x9@12
E2 = −x0@1 + i(x7x10 − x11x13 + x14x15)=y
E3 = x1@2 + x5@7 + x8@11 + x12@15
E4 = x2@4 + x3@5 + x11@14 + x15@13
E5 = x4@6 + x5@8 + x7@11 + x13@10
E6 = x6@9 + x8@12 + x11@15 + x14@13
E−1 = −x3@2 − x5@4 − x8@6 − x12@9
E−2 = x1@0 − iy(@7@10 + @11@13 − @14@15)
E−3 = −x2@1 − x7@5 − x11@8 − x15@12
E−4 = −x4@2 − x5@3 − x13@15 − x14@11
E−5 = −x6@4 − x8@5 − x10@13 − x11@7
E−6 = −x9@6 − x12@8 − x13@14 − x15@11
A.5. E8
Dynkin diagram:


















1 = (1; 0; 0; 0; 0; 0; 0; 0) = A(1)
2 = (0; 1; 0; 0; 0; 0; 0; 0) = A(2)
3 = (0; 0; 1; 0; 0; 0; 0; 0) = A(3)
4 = (0; 0; 0; 1; 0; 0; 0; 0) = A(4)
5 = (0; 0; 0; 0; 1; 0; 0; 0) = A(5)
6 = (0; 0; 0; 0; 0; 1; 0; 0) = A(6)
7 = (0; 0; 0; 0; 0; 0; 1; 0) = A(1)
8 = (1; 0; 1; 0; 0; 0; 0; 0) = A(8)
9 = (0; 1; 0; 1; 0; 0; 0; 0) = A(9)
10 = (0; 0; 1; 1; 0; 0; 0; 0) = A(10)
11 = (0; 0; 0; 1; 1; 0; 0; 0) = A(11)
12 = (0; 0; 0; 0; 1; 1; 0; 0) = A(12)
13 = (0; 0; 0; 0; 0; 1; 1; 0) = A(2)
14 = (1; 0; 1; 1; 0; 0; 0; 0) = A(14)
15 = (0; 1; 1; 1; 0; 0; 0; 0) = A(15)
16 = (0; 1; 0; 1; 1; 0; 0; 0) = A(16)
17 = (0; 0; 1; 1; 1; 0; 0; 0) = A(17)
18 = (0; 0; 0; 1; 1; 1; 0; 0) = A(18)
19 = (0; 0; 0; 0; 1; 1; 1; 0) = A(3)
20 = (1; 1; 1; 1; 0; 0; 0; 0) = A(20)
21 = (1; 0; 1; 1; 1; 0; 0; 0) = A(21)
22 = (0; 1; 1; 1; 1; 0; 0; 0) = A(22)
23 = (0; 1; 0; 1; 1; 1; 0; 0) = A(23)
24 = (0; 0; 1; 1; 1; 1; 0; 0) = A(24)
25 = (0; 0; 0; 1; 1; 1; 1; 0) = A(4)
26 = (1; 1; 1; 1; 1; 0; 0; 0) = A(26)
27 = (1; 0; 1; 1; 1; 1; 0; 0) = A(27)
28 = (0; 1; 1; 2; 1; 0; 0; 0) = A(28)
29 = (0; 1; 1; 1; 1; 1; 0; 0) = A(29)
30 = (0; 1; 0; 1; 1; 1; 1; 0) = A(5)
31 = (0; 0; 1; 1; 1; 1; 1; 0) = A(6)
32 = (1; 1; 1; 2; 1; 0; 0; 0) = A(32)
33 = (1; 1; 1; 1; 1; 1; 0; 0) = A(33)
34 = (1; 0; 1; 1; 1; 1; 1; 0) = A(7)
35 = (0; 1; 1; 2; 1; 1; 0; 0) = A(35)
36 = (0; 1; 1; 1; 1; 1; 1; 0) = A(8)
37 = (1; 1; 2; 2; 1; 0; 0; 0) = A(37)
38 = (1; 1; 1; 2; 1; 1; 0; 0) = A(38)
39 = (1; 1; 1; 1; 1; 1; 1; 0) = A(9)
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40 = (0; 1; 1; 2; 2; 1; 0; 0) = A(40)
41 = (0; 1; 1; 2; 1; 1; 1; 0) = A(10)
42 = (1; 1; 2; 2; 1; 1; 0; 0) = A(42)
43 = (1; 1; 1; 2; 2; 1; 0; 0) = A(43)
44 = (1; 1; 1; 2; 1; 1; 1; 0) = A(11)
45 = (0; 1; 1; 2; 2; 1; 1; 0) = A(12)
46 = (1; 1; 2; 2; 2; 1; 0; 0) = A(46)
47 = (1; 1; 2; 2; 1; 1; 1; 0) = A(13)
48 = (1; 1; 1; 2; 2; 1; 1; 0) = A(14)
49 = (0; 1; 1; 2; 2; 2; 1; 0) = A(15)
50 = (1; 1; 2; 3; 2; 1; 0; 0) = A(50)
51 = (1; 1; 2; 2; 2; 1; 1; 0) = A(16)
52 = (1; 1; 1; 2; 2; 2; 1; 0) = A(17)
53 = (1; 2; 2; 3; 2; 1; 0; 0) = A(53)
54 = (1; 1; 2; 3; 2; 1; 1; 0) = A(19)
55 = (1; 1; 2; 2; 2; 2; 1; 0) = A(20)
56 = (1; 2; 2; 3; 2; 1; 1; 0) = A(22)
57 = (1; 1; 2; 3; 2; 2; 1; 0) = A(23)
58 = (1; 2; 2; 3; 2; 2; 1; 0) = A(25)
59 = (1; 1; 2; 3; 3; 2; 1; 0) = A(26)
60 = (1; 2; 2; 3; 3; 2; 1; 0) = A(27)
61 = (1; 2; 2; 4; 3; 2; 1; 0) = A(24)
62 = (1; 2; 3; 4; 3; 2; 1; 0) = A(21)
63 = (2; 2; 3; 4; 3; 2; 1; 0) = A(18)
0 = (0; 0; 0; 0; 0; 0; 0; 1) γ0 = (2; 3; 4; 6; 5; 4; 3; 1)
1 = (0; 0; 0; 0; 0; 0; 1; 1) γ1 = (2; 3; 4; 6; 5; 4; 2; 1)
2 = (0; 0; 0; 0; 0; 1; 1; 1) γ2 = (2; 3; 4; 6; 5; 3; 2; 1)
3 = (0; 0; 0; 0; 1; 1; 1; 1) γ3 = (2; 3; 4; 6; 4; 3; 2; 1)
4 = (0; 0; 0; 1; 1; 1; 1; 1) γ4 = (2; 3; 4; 5; 4; 3; 2; 1)
5 = (0; 1; 0; 1; 1; 1; 1; 1) γ5 = (2; 2; 4; 5; 4; 3; 2; 1)
6 = (0; 0; 1; 1; 1; 1; 1; 1) γ6 = (2; 3; 3; 5; 4; 3; 2; 1)
7 = (1; 0; 1; 1; 1; 1; 1; 1) γ7 = (1; 3; 3; 5; 4; 3; 2; 1)
8 = (0; 1; 1; 1; 1; 1; 1; 1) γ8 = (2; 2; 3; 5; 4; 3; 2; 1)
9 = (1; 1; 1; 1; 1; 1; 1; 1) γ9 = (1; 2; 3; 5; 4; 3; 2; 1)
10 = (0; 1; 1; 2; 1; 1; 1; 1) γ10 = (2; 2; 3; 4; 4; 3; 2; 1)
11 = (1; 1; 1; 2; 1; 1; 1; 1) γ11 = (1; 2; 3; 4; 4; 3; 2; 1)
12 = (0; 1; 1; 2; 2; 1; 1; 1) γ12 = (2; 2; 3; 4; 3; 3; 2; 1)
13 = (1; 1; 2; 2; 1; 1; 1; 1) γ13 = (1; 2; 2; 4; 4; 3; 2; 1)
14 = (1; 1; 1; 2; 2; 1; 1; 1) γ14 = (1; 2; 3; 4; 3; 3; 2; 1)
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15 = (0; 1; 1; 2; 2; 2; 1; 1) γ15 = (2; 2; 3; 4; 3; 2; 2; 1)
16 = (1; 1; 2; 2; 2; 1; 1; 1) γ16 = (1; 2; 2; 4; 3; 3; 2; 1)
17 = (1; 1; 1; 2; 2; 2; 1; 1) γ17 = (1; 2; 3; 4; 3; 2; 2; 1)
18 = (2; 2; 3; 4; 3; 2; 1; 1) γ18 = (0; 1; 1; 2; 2; 2; 2; 1)
19 = (1; 1; 2; 3; 2; 1; 1; 1) γ19 = (1; 2; 2; 3; 3; 3; 2; 1)
20 = (1; 1; 2; 2; 2; 2; 1; 1) γ20 = (1; 2; 2; 4; 3; 2; 2; 1)
21 = (1; 2; 3; 4; 3; 2; 1; 1) γ21 = (1; 1; 1; 2; 2; 2; 2; 1)
22 = (1; 2; 2; 3; 2; 1; 1; 1) γ22 = (1; 1; 2; 3; 3; 3; 2; 1)
23 = (1; 1; 2; 3; 2; 2; 1; 1) γ23 = (1; 2; 2; 3; 3; 2; 2; 1)
24 = (1; 2; 2; 4; 3; 2; 1; 1) γ24 = (1; 1; 2; 2; 2; 2; 2; 1)
25 = (1; 2; 2; 3; 2; 2; 1; 1) γ25 = (1; 1; 2; 3; 3; 2; 2; 1)
26 = (1; 1; 2; 3; 3; 2; 1; 1) γ26 = (1; 2; 2; 3; 2; 2; 2; 1)
27 = (1; 2; 2; 3; 3; 2; 1; 1) γ27 = (1; 1; 2; 3; 2; 2; 2; 1)
! = (2; 3; 4; 6; 5; 4; 3; 2) = A(γ0)
Cubic form:
I3 = x1x15x18 + x1x17x21 + x1x20x24 − x1x23x27 + x1x25x26 + x2x12x18 + x2x14x21 + x2x16x24
−x2x19x27 + x2x22x26 + x3x10x18 + x3x11x21 + x3x13x24 − x3x19x25 + x3x22x23 + x4x8x18
+x4x9x21 + x4x13x27 − x4x16x25 + x4x20x22 − x5x6x18 − x5x7x21 + x5x13x26 − x5x16x23
+x5x19x20 + x6x9x24 − x6x11x27 + x6x14x25 − x6x17x22 − x7x8x24 + x7x10x27 − x7x12x25
+x7x15x22 − x8x11x26 + x8x14x23 − x8x17x19 + x9x10x26 − x9x12x23 + x9x15x19 − x10x14x20
+x10x16x17 + x11x12x20 − x11x15x16 − x12x13x17
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Cartan generators:
H0 = −y@ + x0@0
H1 = −x6@6 + x7@7 − x8@8 + x9@9 − x10@10 + x11@11 − x12@12 + x14@14 − x15@15 + x17@17
+x18@18 − x21@21
H2 = −x4@4 + x5@5 − x6@6 − x7@7 + x8@8 + x9@9 − x19@19 + x22@22 − x23@23 + x25@25
−x26@26 + x27@27
H3 = −x4@4 − x5@5 + x6@6 + x8@8 − x11@11 + x13@13 − x14@14 + x16@16 − x17@17 + x20@20
+x21@21 − x24@24
H4 = −x3@3 + x4@4 − x8@8 − x9@9 + x10@10 + x11@11 − x16@16 + x19@19 − x20@20 + x23@23
+x24@24 − x27@27
H5 = −x2@2 + x3@3 − x10@10 − x11@11 + x12@12 − x13@13 + x14@14 + x16@16 − x23@23 − x25@25
+x26@26 + x27@27
H6 = −x1@1 + x2@2 − x12@12 − x14@14 + x15@15 − x16@16 + x17@17 − x19@19 + x20@20 − x22@22
+x23@23 + x25@25
H7 = −5− x0@0 + x1@1 − x15@15 − x17@17 − x18@18 − x20@20 − x21@21 − x23@23 − x24@24 − x25@25
−x26@26 − x27@27
Simple roots:
E1 = −x6@7 − x8@9 − x10@11 − x12@14 − x15@17 + x21@18
E2 = −x4@5 − x6@8 − x7@9 + x19@22 + x23@25 + x26@27
E3 = −x4@6 − x5@8 − x11@13 − x14@16 − x17@20 + x24@21
E4 = −x3@4 + x8@10 + x9@11 + x16@19 + x20@23 + x27@24
E5 = −x2@3 + x10@12 + x11@14 + x13@16 + x23@26 + x25@27
E6 = −x1@2 + x12@15 + x14@17 + x16@20 + x19@23 + x22@25
E7 = −x0@1 + i(−x15x18 − x17x21 − x20x24 + x23x27 − x25x26)=y
E−1 = x7@6 + x9@8 + x11@10 + x14@12 + x17@15 − x18@21
E−2 = x5@4 + x8@6 + x9@7 − x22@19 − x25@23 − x27@26
E−3 = x6@4 + x8@5 + x13@11 + x16@14 + x20@17 − x21@24
E−4 = x4@3 − x10@8 − x11@9 − x19@16 − x23@20 − x24@27
E−5 = x3@2 − x12@10 − x14@11 − x16@13 − x26@23 − x27@25
E−6 = x2@1 − x15@12 − x17@14 − x20@16 − x23@19 − x25@22
E−7 = x1@0 + iy(@15@18 + @17@21 + @20@24 − @23@27 + @25@26)
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